This paper evaluates the strength ofhead on and parasitic beam-beam collisions in RHIC when the crossing angle is zero. A non-zero crossing angle is not required in normal operation with 120 bunches, thanks to the early separation of the two beams. The RHIC lattice is shown to easily accommodate even conservatively large crossing angles, for example in beam dynamics studies, or in future operational upgrades to as many as 360 bunches per ring. A modest loss in luminosity is incurred when gold ions collide at an angle after 10 hours of storage.
where N is the single bunch population, the classical radius r is rp = 1.5347 x 10-18 meters for protons and rA" = 48.992 x 10-18 meters for gold,~H,v is the beta function in the appropriate plane, and y is the Lorentz factor. Assuming from here on that the beam is round (PH = /?v, UH = m), the traWHSf3 beam size is given (in the relativistic limit) by r~N /6 u=-67rA/ (2) where~N is the "67r" normalized emittance used at RHIC. Equation 1 is succinctly rewritten as
Note that the tune shift parameter is independent of energy (-y), and independent of /3. The tune shift of small amplitude particles is equal to the parameter, & no matter what the azimuthal location of the collision, if the beams are round and if they collide head-on.
Nominally there are N = 1011 protons per bunch, with a 95% normalized transverse emittance of~N = 207r microns. When gold ions are stored, there are N = 109 ions per bunch, with an ernittance that rises from EN = 10m microns at injection to~N = 407r microns at the end of a 10 hour store. Centered on these nominal parameters, it is convenient to numerically parametrize the proton and gold tune shift parameters as (, 
BEAM SEPARATION GEOMETRY
There are two beam separation dipole magnets, DX and DO, between each interaction point (1P) and the first quadruple of the interaction region triplet. The large bore magnet DX, nearest to the 1P, is common to both beams. A drift follows, allowing the two trajectories to diverge far enough to enter one or the other of side-by-side DO dipoles. The DO magnets remove most -but not all -of the angular divergence applied by DX. Each DO is immediately followed by three triplet quadruples, for a total of eight magnets in a single cryostat. 
INTRODUCTION
The United States Nuclear Regulatory Commission (NRC) issues Regulatory (RG) which describe methods acceptable to the NRC staff for satisfying regulations. Guides RG 1.92, "Combining Modal Responses and Spatial Components in Seismic Response Analysis," (Reference 1) was last revised in 1976, prior to a number of significant technical developments for combining modal responses. The 1989 revision to Standard Review Plan (SRP) Section 3.7.2, "Seismic System Analysis," (Reference 2) recognized a number of recent technical developments by reference, and stated that their application to nuclear power plant seismic analysis is subject to review on a case-by-case basis. Also incorporated into SRP Section 3.7.2 as Appendix A was a procedure to address high frequency mode effects, developed by Kennedy (Reference 3).
The initial phase of this program focused on review of the technical literature and selection of candidate modal response combination methods for more detailed numerical evaluation. Acceptable methods in RG 1.92 were also included to provide a comparison to more recent technical developments. References 3 and 4 provided an excellent starting point. The methods selected for evaluation were those which have been subjected to the greatest level of prior review and assessment.
The methods evaluated for combining out-of-phase modal response components were Square Root of the Sum of the Squares (SRSS), NRC Grouping, NRC Ten Percent, NRC-DSC, Rosenblueth's DSC (Reference 5), and Der Kiureghian's CQC (Reference 6). The methods evaluated for separating in-phase and out-ofphase modal response components were Lindley and Yow (Reference 7), Hadjian (Reference 8), and Gupta (Reference 4). The method evaluated for including high frequency mode effects was Kennedy (Reference 3).
DESCRIPTION OF MODAL RESPONSE COMBINATION METHODS
The major application of seismic response spectrum analysis is for systems and components attached to building structures. A building-filtered in-structure response spectrum depicting spectral acceleration vs. frecluency is the typical form of seismic input for Note: This work was performed under the auspices of the U.S. Nuclear Regulatory Commission, When 360 bunches are stored, parasitic collisions occur at "l" and "2". Protons must have a crossing angle when 360 bunches collide. If gold ions collide without a crossing angle, they see a total of three head-on collisions of equal strength per 1P, plus two ugly "2" collisions. Gold ions probably need a crossing angle when 360 bunches collide.
The small amplitude tune shift due to a single long range collision scales like where (12) is the root mean square angula size at the central collision point [2] . For this reason it is conservative to make the total crossing angle cl= 7 u~ (13) where, as before, a standard normalized emittance of 20 T microns is assumed. Table 3 : Various angles, and luminosity performance, when RHIC beams collide at an angle. The worst case bunch length has been used for gold ions in storage, after 10 hours of intra beam scattering.
A potentially serious side effect is the loss of luminosity that a crossing angle incurs. This is given by
CONCLUSIONS
A crossing angle is not required when 120 or fewer bunches are stored. Although a crossing angle is required when 180 nominal proton bunches collide, it might be possible for 180 gold bunches to collide head-on. A crossing angle is required when 360 bunches of protons, or gold ions, collide.
The largest crossing angle is required for gold ions. A conservative estimate is cr~1.26 milliradians. This is easily achieved by reducing the magnetic field of DX and DO dipoles by 7.0% and 8.7%, respectively.
Gold ions might see a luminosity decrease of about 19% at the end of a 10 hour store. This loss can be minimized by using a less conservative crossing angle -or by decreasing the storage time.
All of these statements assume a fixed standard normalized emittance of 207r microns. where u= is the root mean square length of a bunch [3] . Table 3 indicates that negligible luminosity is lost when protons cross at an angle, but that as much as 19% of the nominal luminosity is lost at the end of a 10 hour gold ion store, component. It is further postulated that there is a continuous transition from out-of-phase response to in-phase response. If& 'f~~* can be defined, then the mid-frequency region can be further divided into two sub-regions:& <J<:JP and~P s~s j&. Past practice in the nuclear power industry has been to assume that individual modal responses in the mid-frequency region (& <~<~ZPA) are out-of-phase, and combination methods applicable to the low-frequency region are applicable to the mid-frequency region.
Terms The coefficients Cj~can be uniquely defined for each method.
Square Root of the Sum of the Squares (SRSS)
At the foundation of all methods for combining uncorrelated modal responses is SRSS. All of the methods for combination of the out-of-phase response components are equivalent to SRSS if there are no "closely spaced" modes.
In the case of SRSS, Cj~= 1.0 for j=k 
NRC Grouping Method
The NRC Grouping Method (Reference 1) is the most commonly applied method of accounting for closely spaced modes in the nuclear power industry. The system modal responses are grouped and summed absolutely before performing SRSS combination of the groups. The modal responses are grouped such that the lowest and highest frequency modes in a group are within 10°/0 and no mode is in more than one group.
(Eqn. 4)
The major criticism of the NRC Grouping Method is the use of absolute summation within each group. If modal responses are assumed to be correlated because they have closely spaced frequencies, then summation should be algebraic within each group. In terms of the coefficients, Cj~, the NRC Grouping Method is defined as: Cj~= 1.0 forj=k Cj~= 0.0 for j # k, not in same group (Eqn. 5) Cj~= 1.0 for j # k, in the same group, Rpj * Rp~>0 Cj~= '1.0 for j # k, in the same group, Rpj * Rp~<0
NRC Ten Percent Method
The NRC Ten Percent Method (Reference 1) is a generally more conservative variation of the NRC Grouping Method. Closely spaced modes are defined as modes with frequencies within 10°/0 of each other and absolute summation of the closely spaced modal responses is specified. The difference is that modal responses are not grouped.
In terms of the coefficients, Cj~, the NRC Ten Percent Method is defined as: Cj~= 1.0 forj=k Cj~= 0.0 for j # k, andf and~~separated by > 10% Cj~= 1.0 for j# k, andf a.ndfi separated by < 10%; Rpj * Rp~>0 (Eqn. 6) Cj~= -1.0 for j # k, J andfi separated by < 10%; Rpj * Rp~<0 The NRC Ten percent Method will always produce results > NRC Grouping Method.
NRC Double Sum Combination (NRC-DSC)
The NRC-DSC Method (Reference 1) is an adaptation of Rosenblueth's method. The coefficients Cj~are defined by Equation 7. A conservative modification, consistent with the NRC Grouping and Ten Percent methods, is that the product Cj~RpJ Rp~is always taken as positive. In Rosenblueth's method, the product maybe either positive or negative, depending on the signs of Rpj and Rp~. Consequently, NRC-DSC will always produce results> Rosenblueth's method.
Rosenblueth 's Double Sum Combination (DSC)
Rosenblueth (Reference 5) provided the first significant mathematical approach to evaluation of modal correlation for seismic response spectrum analysis. It is based on the application of random vibration theory, utilizing a finite duration of white noise to represent seismic loading. A formula for calculation of the coefficients Cj~as a fimction of the modal circular frequencies (~j, o+J, modal darnping ratios (~j,~J, and the time duration of strong earthquake motion (tJ was derived. Using the form of the equation from Reference 1, Numerical values of Cj~were tabulated for the DSC Method as a fimction of frequency, frequency ratio, and strong motion duration time for constant modal damping of 1%, 2%, 5% and 10O/O.The most significant result is that Cj~is highly dependent on the damping ratio. For 2'%0, 5?40 and 10'?40 damping, Cj~= 0.2,0.5 and 0.8 respectively, at a frequency ratio of 0.9 (modal frequencies within 10%). The definition of closely-spaced modes used in the NRC Grouping and Ten Percent Methods is not damping-dependent.
Der Kiureghian 's Complete Quadratic Combination (CQC)
Der Kiureghian (Reference 6) presents a methodology similar to Rosenblueth's Double Sum Combination for evaluation of modal correlation for seismic response spectrum analysis.
It is also based on application of random vibration theory, but utilizes an infinite duration of white noise to represent seismic loading. A formula for calculation of the coefficients Cj~as a fiction of modal circular frequencies and modal damping ratios was derived:
While the form of Equation 8 differs (Reference 8), and Gupta (Reference 4). The mathematical statement of each method is not restricted to the mid-frequency range & <J< JZPA)of the response spectrum. However, as discussed previously, it is in the mid-frequency range that the separation of individual peak modal responses into out-of-phase and in-phase modal response components is applicable. The similarities and differences, as well as the limitations, of the three methods are described in the following sections.
Lindley-Yow Method
Mathematically, the Lindley-Yow method (Reference 7) is defined by the following equations:
O<aisl.o The following characteristics of the Lindley-Yow method are observed:
The in-phase component of modal response for every mode has an associated acceleration equal to the ZPA. The out-of-phase component of an individual peak modal response has an associated modified spectral acceleration given by ) 'al = (Sa; -ZpA2~( Eqn. 15) c 1$= (Rp~+ I@)%; which infers that the in-phase and out-of-phase response components of an individual peak modal response are uncorrelated.
q ai attains its minimum value at~= f&., but increases for~< f~P until it attains a value of 1.0 when Sai = ZPA in the low frequency region of the spectrum. Values of ai >1.0 have no meaning because (1 -u~)x becomes imaginary. An obvious limitation of the Lindley-Yow method is in the low frequency range (j< f~P) of the response spectrum. Therefore, the Lindley-Yow method is applicable to structural systems which do not have significant modal responses with~<~&. Circumventing this limitation in the Lindley-Yow method is straightforward: apply it only to those modes withZ J~P and set ai = O forf <f~P. While in theory the Lindley-Yow method includes the in-phase contribution from modes above~ZPA, its practical application is for modal responses below&A, coupled with the missing mass method for modal contributions above~ZPA.
Ha@ian Method
The Hadjian Method (Reference 8) is similar in formulation to the Lindley-Yow method, with two notable differences: This implies that the in-phase and out-of-phase response components for each mode are in-phase with each other. However, all Wi's are in-phase and summed algebraically, per Eqn. 12, to obtain Rr. Therefore, it would follow that all Rpi's are also in-phase and should be summed algebraically to obtain Rp. This contradicts Equation 13, in which the Rpi's are assumed to be predominantly out-of-phase. Kennedy (Reference 3) previously identified this contradiction. On this basis, the Hadjian method is not recommended and was not included in subsequent numerical studies.
Gupta Method
The Gupta Method (Reference 4) is identical in form to the Lindley-Yow method. The one very significant difference is the definition of~i. Equations 10 through 14 remain the same. In the Gupta method, ai is an explicit function of frequency. The original basis for definition of ai is semi-empirical, derived from numerical studies using actual ground motion records. A best fit equation, which defines ai as a continuous function of frequency, was developed from the results of the numerical studies.
Two spectrum-dependent frequencies~,~) are first defined as follows:
where SM~Xand SVmmare the maximum spectral acceleration and velocity, respectively.
Gupta's definition of ai is given by: 
Contribution of High Freauencv Modes

Missing Mass Method
The "Missing Mass" Method is a convenient, computationally efficient and accurate method to (1) account for the contribution of all modes with frequencies above the frequency (&A) at which the response spectrum. returns to the Zero Period Acceleration (ZPA) and (2) account for the contribution to support reactions of mass which is apportioned to system support points. It constitutes the total effect of all system mass which does not participate in (i.e., "missing" from) the modes with frequencies belowfipA. The system response to the missing mass is calculated by performing a static analysis for applied loads equal to the missing mass multiplied by the spectrum ZPA. This method is mathematically rigorous and is considered the only acceptable method to account for high frequency modal contributions VZ -&P.) and mass apportioned to system support points.
Kennedy (Reference 3) documented this method and recommended that it be included in Regulatory Guidance. The 1989 revision to the SRP Section 3,7.2, "Seismic System Analysis," (Reference 2) incorporated Kennedy's recommendation as Appendix A. The mathematical details are presented in both References 2 and 3.
Comdete Solution for Response S~ectrum Analysis
Two methods are defined for constructing the complete response spectrum analysis solution. The coefficients Cj~are defined by one of the out-of-phase combination methods.
Method 1
Method 1 represents the common method applied to response spectrum analysis since the 1980's. Amplified modal responses (f<~zPA) are combined by SRSS with a correction for closely spaced modes. The contribution of unamplified modal responses @-~zpA) is calculated by the missing mass method. These two components are then combined by SRSS to produce the total solution. Mathematically, this is represented by Rt =~-Method 2 is equally applicable to both the Lindley-Yow and the Gupta methods. Only the definition of~i changes.
SUMMARY OF RESULTS
The qualitative evaluation of modal response combination methods provided the foundation for subsequent numerical studies, which quantitatively evaluated the combination methods by comparison to time history analysis results. Together, this provided the basis for technical conclusions and recommendations for revision of regulatory guidance.
